We have analyzed the motion of an infinitesimal mass in the restricted four body problem with solar wind drag. It is assumed that forces which govern the motion are mutual gravitational attractions of the primaries, radiation pressure force and solar wind drag. We have derived the equations of motion and find the Jacobi integral, zero velocity surfaces and particular solutions of the system. It is found that three collinear points are real when radiation factor 0 < β < 0.1 whereas only one real point obtained when 0.125 < β < 0.2. Again, stability property of the system is examined with the help of Poincaré surface of section (PSS) and Lyapunov characteristic exponents (LCEs). It is found that in presence of drag forces LCE is negative for a specific initial condition, hence the corresponding trajectory is regular whereas regular islands in the PSS are expanded.
Introduction
In space dynamics there are a number of systems like two body, three body, four body, N-body problem etc. The simplicity and elusiveness of the three body problem in different form like restricted three body problem (RTBP), restricted four body problem (RFBP)(may be consider as an approximation of two three body problem) etc. have attracted the attention of researchers for centuries. The motion of a spacecraft or satellite in the SunEarth-Moon system is a simple example of RFBP in space. The restricted four body has many possible uses in the dynamical system for example, the fourth body is very useful for saving fuel and time in the trajectory transfers in the restricted four body problem (Machuy et al 2007) .
The description of the effect of radiation pressure force was first time given by Poynting (1903) and the effect of total radiation force on a particle P due to radiation source S was analyzed by Robertson (1937) with the help of the general relativity theory. He stated that if we consider only first order term in v c then it consists a justifiable approximation in classical mechanics to yield (Ragos et al 1995) 
where
16πR 2 ρAc denotes the measure of the radiation pressure force, r is the position vector of P with respect to the Sun, v is the corresponding velocity vector and c is the velocity of light. In expression of F p , L is the luminosity of the radiating body whereas M , ρ and A are the mass, density and cross section of the particle respectively. In equation (1) on right hand side, first term expresses the radiation pressure and second term represents the Doppler shift owing to the motion of the particle whereas third term comes on account of the absorption and subsequent reemission of the radiation. The last two terms are called P-R drag effect. Now, due to the solar wind drag force, equation (1) can be written as (Burns et al 1979) m r = SAQ pr c 1 − (1 + sw) v. r c r r r
where S and Q pr are the solar energy flux density and the radiation pressure coefficient respectively whereas sw represents the ratio of solar wind drag to Poynting-Robertson(P-R) drag (Liou et al 1995) . The velocity independent term in (2) denotes the radiation pressure however velocity dependent term represents the drag force. The solar wind drag arises from the interaction between solar wind ions and the dust particles. The radiation pressure coefficient Q pr depends on the properties of the particle P and the radiation factor β is defined by β = radiation pressure f orce solar gravitation f orce = SAQprr 2 s cGMm . Few years ago, Burns et al (1979) discussed about the radiation forces on small particles in the solar system and examined the different types of effect of the radiating body. However, Schuerman (1980) determined the equilibrium points and examined their stability in the presence of radiation pressure and P-R drag forces. The dynamical effect of general drag force (i.e. gas drag, nebular drag, PR drag etc.) in the planar circular restricted three body problem was described by Murray (1994) . Also, he has examined the stability of Lagrangian equilibrium points using linear approximation. Further, Liou et al (1995) analyzed the effect of radiation pressure, P-R drag and solar wind drag on the motion of dust grains which is trapped in mean motion resonances with the Sun and the Jupiter in the restricted three body problem and found that all dust gains orbits are unstable. Again, Kalvouridis et al (2006) discussed the effect of radiation force due to primaries in the restricted four body problem using Radzievskii's model and noticed that there are some variations in the result which are unstable for all values of the parameters assumed by him. Further, Ishwar and Kushvah (2006) and Kushvah (2008) , studied the restricted three body problem with P-R drag and examined the effect of P-R drag force on the motion of infinitesimal body.
Lyapunov characteristic exponent (LCE) and Poincaré surfaces of section (PSS) are efficient method to study the behavior of orbit around the equilibrium points. The LCE are very useful tool for the estimation of chaoticity of the trajectory in a dynamical system. Basically, it measure the rate of exponential divergence between neighborhood trajectories in the phase space. The basic concepts of LCE was given by Oseledec (1968) during the study of ergodic theory of dynamical system. The description of numerical algorithm to calculate LCE was presented by Benettin et al (1980) and Froeschle (1984) . Whereas the determination of the stability regions of the infinitesimal body was first time introduced by Poincaré (1892) during the study of periodic orbit of the system. This is a good technique to study the nature of trajectory of infinitesimal body and also known as surface of section method. Further, this method was used by Winter (2000) to describe the location and stability of orbit in the restricted three body problem.
A number of various type of four body models have been studied by many authors (Huang 1968; Hadjidemetriou 1980; Michalodimitrakis 1981; Rosaev 2011; Ceccaroni and Biggs 2012) etc. In these models, they have assumed either one or more bodies as radiating and minor body as very small in comparison to massive bodies. To preserve conservative character these models have been studied by ignoring dissipative forces like Poynting-Robertson(P-R) drag and solar wind drag. However, some of the research work in RFBP in addition with radiation pressure, P-R drag etc. have been performed by many authors (Kalvouridis et al 2006; Papadakis 2007; Machuy et al 2007; Medvedev and Perov 2008) etc. But, little attention has been paid on the effect of solar wind drag such models. Therefore, we have considered a restricted four body problem with radiation pressure and solar wind drag.
In order to know the nature of trajectory of infinitesimal body in the proposed problem, we have determined first order LCE for the maximal evolution time 0 ≤ t ≤ 10000 with the help of algorithm given in Skokos (2010) . The PSS of the proposed problem is also obtained with the help of Event Locator Method. We have used Mathematica The formulation of the problem and derivation of equations of motion are presented in section (2) whereas in section (3), we have obtained the zero velocity surfaces with different cases and location of the collinear equilibrium points is computed in section (4). Section (4.4), we have discussed about the non-collinear equilibrium points however in section (5) we examine the stability behavior of the trajectory in the present dynamical system. Finally, we conclude the paper in section (6).
Formulation of the problem and equations of motion
We have considered a restricted four body problem in which m i , i = 1, 2, 3 be the masses of three bodies such that m 3 > m 1 > m 2 , and m be the mass of infinitesimal body. It is assumed that m 3 be a radiating body with solar wind drag which revolves around common center of mass of m 1 and m 2 . The governing forces of the motion of infinitesimal body are gravitational attractions of three massive bodies in addition with radiation pressure force, P-R drag and solar wind drag. It is also assumed that the effect of infinitesimal mass on the motion of the remaining system is negligible.
We use the canonical system of units, dividing all the distances by the distance between two primaries and dividing all the masses by the total mass of the two primaries. Under these assumption, the mean motion of primaries is taken as unity.
The masses and distances of the Earth, the Moon and the Sun are described as follows: mass of the Earth(M E ) = 5.98 × 10 24 kg; mass of the Moon(M M ) = 7.35×10 22 kg; mass of the Sun(M S ) = 1.99 × 10 30 kg; distance between the Earth and the Moon is d 1 = 3.844×10 5 km; distance between the Sun and the Earth is d 2 = 1.496 × 10 8 km. Again, the masses of the Earth, the Moon and the Sun in the canonical system are given as µ E = ME MM +ME = 0.987871, µ M = MM MM +ME = 0.012151 and µ S = MS MM +ME = 328900.48 respectively. Let µ E and µ M be the radii of the Moon and the Earth respectively and (x, y), (x E , y E ), (x M , y M ) and (x S , y S ) be the co-ordinates of the spacecraft, the Earth, the Moon and the Sun respectively (figure 1). 
.1724 is the distance between the Sun and the center of mass of the system, ω S = 0.07480 is the angular velocity of the Sun which makes an angle ψ with x-axis, ψ 0 is the initial value of ψ and t is the time.
The distances of spacecraft from the Earth, the Moon and the Sun are given as
The equations of motion of the infinitesimal mass in the inertial reference system arë
But,
In the above expression q 1 = (1−β) = (1− Fp Fg ) and c are the mass reduction factor and dimensionless speed of the light respectively whereas F p and F g are the radiation pressure and the gravitational force respectively.
Using the coordinate transformation x = ξ cos t − η sin t; y = ξ sin t + η cos t, equations (3) and (4) become in the rotating reference frame as:
orξ
is the potential in the rotating coordinate system. The P-R drag components in (ξ, η) reference system are
and
If we multiply the first equation (9) byξ and the second equation (10) byη and adding, we geṫ
Since U and F do not depend explicitly on time, the expression on the right hand side is the total time derivative of U and F . The left hand side can be expressed in terms of the derivatives of the velocities:
Integrating of equation (13) with respect to time, givesξ
where v is the velocity of infinitesimal body and C is a constant, called the Jacobi integral. Now, the square of the velocity cannot be negative, the motion of the negligible body is restricted to the region where
When the position and velocity of the negligible body are known for some initial moment, then we can obtain the Jacobi integral. Since U and F are functions of position and potential of dissipative force only, condition (16) tells immediately whether the system can ever reach a given point (ξ, η). This condition does not tell about the shape of the orbit, it only determines the region where the particle could move. Also, condition(16) shows that the larger value of C, the smaller the allowed region.
When C is large, the allowed region consists of the four separate areas. It can never moves form one allowed region to another if the regions are not connected. When C becomes smaller, a connection opens first at the point L 1 . Again, we take C even smaller, a connection opens between two inner regions, first at the point L 2 and second at the point L 3 . The small body can never escape from the system. Its orbit is then stable. Finally, when the value of C is further reduced, the outer and inner regions become connected and escape is possible which can be seen in the figure (2). It is also observe that how does the connection open with the decreases value of C. Figure( 3) and (4) are the zoom portions of the regions around the Earth and the Moon. The points L 1 , L 2 , L 3 lie on the same straight line which connects the primaries.
When there are no dissipative forces i.e. F P R,i = 0, then constant of the motion and the Jacobi constant C is defined as which gives the results as in classical model of restricted three body problem. Again, equation (15) can be written as
The third term of equation (18) depends on the time due to drag force. Therefore this integration term shows that Jacobi constant depends upon the time (Murray and Dermott 1999; Liou et al 1995) .
Consequently, with the help of equation (17), we obtain the time derivative of Jacobi constant in presence of drag forces which is given aṡ (2) at ξ ∈ (0.9, 1.1), η ∈ (−0.1, 0.1), C 1 = 848.255, C 2 = 742.489, C 3 = 679.026.
We have tried our best to derive the explicitly time independent expression of potential function or Jacobi constant but we could not find the exact analytical expression. In future, this should be taken up as a challenging problem of such models having P-R drag and solar wind drag.
Zero velocity surfaces
The Jacobi integral is a relation between the square of the velocity and the coordinates of the infinitesimal particle with respect to the set of rotating axes. If the particle's velocity becomes zero, we have
and C can be determined from the initial conditions. Equation (20) is important in this problem and it is defined for a given value of C i.e. the boundaries of regions in which the particle is free to move. Now, for large values of ξ and η, all the terms except first and second in L.H.S. of the equation (20) become unimportant. In other words, this equation takes the form:
The equation (22) represents a circle whose radius is √ C 1 . Therefore the curve in the ξη-plane is an approximately oval shape within the asymptotic cylinder. For small values of ξ and η, the first and second terms are relatively unimportant, hence the equation may be written as:
which is an equation of equipotential surfaces.
Figure (5), shows that curves intersect at a point where function gives local minimum and maximum value of Jacobi constant. Again, figure (6) shows contour curves which are the equipotential boundaries. It is clear from the frames that the configuration rotates anti-clock wise with an angle ψ. In the contour plots red (dark) portion shows the higher equipotential value whereas when we go from red portion to blue (very dark) one, equipotential decreases gradually. Now, the zero velocity curves are defined by the equation
To determine the curvature of a zero velocity curve(ZVC) (24), we use the formula (Marčeta 2012 ) 
Now, we determine the curvature of ZVC (24) with the help of characteristic values of Hessian matrix H, i.e.
where N ξ and N η are components of normal unit 
with
Since the expression of the curvature of zero velocity curve is too complicated to deduce anything meaningful analytically. Therefore we have computed curvatures numerically and observe that the curvature of any curve shows the bending nature at a particular point(figures 7 , 8 and 9). This value is inverse proportional to the radius of curvature. If curvature is large then radius of curvature is small, that means curve is more bended at that point. If curvature decreases than radius of curvature increases, that means bending property of the curve decreases which opens the path to move particle freely. From figure(9) it can be seen that around the singular points, curvature of zero velocity curve is highest that means radius of curvature is least therefore curves are disjoint closed loops form where particles can move form one regions to another. In figure (7), frames (a) and (b) show the curvature of ZVC depends on ξ and η respectively and indicates that the curves are sometimes nearer to each other and sometimes goes far form to each other. When the curves bend to each other then the connection opens where the body moves from one allowed side to another side. When the curve is not bended that means curve goes outside, then the curves are separate ( figure  8 ). Different layers show the equipotential curvatures where the movement is possible which is clearly seen in zoom part of the figure (8). Also, figure (9) shows the curvature of zero velocity surfaces, cut off portions indicate the singularities of the surfaces where motion of infinitesimal body is impossible. 
Location of the Lagrangian equilibrium points
For equilibrium points, we solve the equations (9) and (10) by takingξ = 0 =η =ξ =η i.e.
Particular cases
1. When β = 0 then the equation (29) and (30) give the following
This is the classical case of restricted four body problem.
2. If β = 1 then the equation (29) and (30) takes the form
This becomes the restricted three body problem with solar wind and P-R drag.
Collinear points
The collinear points are solutions of the equations (29-30) with η = 0. That is, the collinear points lie on the line joining the primaries. Therefore, we have
When the value of β is zero, the above equation becomes
which shows that the roots lie in the ξ axis and after simplification, the above equation consists seven degree. Using the Descartes' rule of sign we found that three roots are real and other pair of roots are imaginary, because the coefficients of the power of ξ change seven signs. This shows that at a time we can have only three real roots joining the two primaries because the plane of motion of the Earth around the Sun is different from the plane of motion of the Moon around the Earth. The three primaries will be in the same plane when the Moon comes at the line of node of the plane of motion. Now, if we take β non-zero then we obtain three real roots of equation (33) change with the value of β ∈ (0, 0.1). Again, if β ∈ (0.125, 0.2) then we have only one root which increases with β. With the help of these values we determine Jacobi constant and see that an increases in the value of β consequently the Jacobi constant decreases and the corresponding energy increases (Table 1) .
Extremal values
From equation (20), we have
Now,
Substituting these values in equation (35), we get
Differentiating equation (36) with respect to r 1 , r 2 and r 3 respectively and equating each term to zero Table 1 : Collinear points for initial parameters µ E = 0.987, µ M = 0.012, µ S = 328900.48, t = 0, ψ = 0 for initial values of t, we get r 1 = 1, r 2 = 1,
In equation (37), if we take r 3 = 0, this causes the Sun to be placed at the origin which is not possible in the proposed system. Because for a moment if we consider that the Sun is placed at the common center of the Earth and the Moon and consequently, we get a system in which the Earth and the Moon revolve in different orbits about the Sun. In general such type of system does not exist for the problem in hand. If r 3 > 0 then the factor The function φ always positive for any r i , i = 1, 2, 3 and φ approaches to infinity as r i approaches to zero or infinity. Therefore, the equilibrium points of the system are absolute minimum however the pseudo-potential and the Jacobi constant at these points are:
where 
Non-collinear points
For non-collinear points, we take perturbation in distances of infinitesimal mass from the primaries due to the radiation pressure and solar wind drag and suppose r 1 = 1+ǫ 1 and r 2 = 1+ǫ 2 , where ǫ 1 , ǫ 2 ≪ 1, then from center of mass property, we obtain
Substituting this value in the equation (29), we get
Again, substituting the value of ξ in the equation (29) and neglecting second and higher order terms of β, we get
Solving equation (41) and (44), we get the values of ǫ 1 and ǫ 2 which are given below
Substituting the values of ǫ 1 and ǫ 2 in equation (42) and (43), we get the non-collinear points. These points depend on the values of the radiation pressure and the solar wind drag. When we change the values of ratio of solar wind to P-R drag parameter for different fixed values of radiation pressure parameter, points are changes. It is also found that the infinitesimal mass escapes out side of possible region after t > 424229.
Poincaré surfaces of section and Lyapunov characteristic exponents
The Poincaré surfaces of section (PSS) is an important technique to describe the stability region of the system. In order to determine the orbital element of the infinitesimal body at any instant, it is necessary to know its position (ξ, η) and velocity (ξ,η) correspond to a four dimensional phase space. In this paper, we have determined PSS in the ξξ-plane using Event Locator Method of Mathematica R (Wolfram 2003) . The magnitude of the velocity componentη is computed with the help of Jacobi integral equation (15) however the Jacobi constant C initially computed at t = 0. Now, we have plotted the graph of ξ andξ against each other when the trajectory intersects the plane in the direction ofη > 0. In other words, a smooth well defined island in the PSS indicates that the trajectory is likely to be regular whereas the fuzzy distribution of intersection points represents chaotic trajectory. Again, if the curve shrink to a point that means it has a periodic orbit. Further, we have obtained PSS at the values of Jacobi constant C for a certain range of values of ξ andξ whereas each orbit is determined with initial conditions:
where PSS for the restricted four body problem at the minimum values of Jacobi constant C = 1696.48 which is initially determined at ξ = 0.5, η = 0,ξ = 0,η = 0. In this figure, we observe that the nature of PSS and the trajectory in ξξ-plane. From frame (a), we have seen regular island with the radiation pressure and the solar wind drag but frame (b) shows the regular island without any force. Here, it is clear that the regular island expands gradually due to the effect of radiation pressure and solar wind drag. Again, the island at ξ = 0.025 shows that the trajectory is regular i.e. region in the neighborhood of ξ = 0.025 is stable. On the other hand, in frame (b) the island at 0.025 shows that the trajectory is regular and this region shrinks towards center. Hence from frames (a) and (b), we conclude that the radiation pressure and solar wind drag have significantly affect on the stability region of the trajectories. In order to know the behavior of nearby trajectory emanating from the neighborhood of an equilibrium point we compute the LCEs. With the help of method and algorithm described in Skokos (2010), we have numerically computed first order LCEs and plotted the graphs t Vs LCE(λ), upto maximum evolution of time 0 ≤ t ≤ 10000 when µ E = 0.987, µ M = 0.012, µ S = 328900.48, β = 0.00002, sw = 0.248, c = 1.8×10 6 ( figure 12 ). This figure shows that the proposed model is slightly affected in presence of the radiation pressure and the solar wind drag. Also, it is clear that λ decreases slowly with time. Furthermore, λ is negative for 0 ≤ t ≤ 10000 which shows that orbit is regular in this interval. Therefore, we observed that the values of LCE depends on initial deviation vector and renormalized time step. As we have used default method of Mathematica R software package for the numerical solutions of the differential equations. The obtained result depends on precision and accuracy goals, i.e. in present problem, if these goals were chosen different from 3 consequently there was overflow in the result which leads to the false estimation of the LCE.
Discussion and conclusion
We have studied the restricted four body problem by assuming the effect of radiation pressure and solar wind drag. The boundaries of allowed regions for the motions of the infinitesimal mass are determined using zero velocity surfaces at different values of radiation pressure and solar wind drag. It is found that allowed possible regions of the motions decrease with the an increase in the value of Jacobi constant C. We have observed that in presence of drag forces, Jacobi constant depends on the time (Murray 1994; Liou et al 1995) . The range of radiation pressure and solar wind drag are determined and found that motion is possible for the values lie in the interval 0 < β < 1 and −1 < sw < 1 respectively. The curvature of the ZVC is obtained and noticed that when the curves bend to each other then connection is open and the body moves from one allowed side to other side however when the curve is not bended then curve goes outside and the body does not move one allowed side to other side.
We have obtained the particular solutions, which are the extreme values of Jacobi function. It is found that three collinear points for the values of 0 < β < 0.1 are real whereas only one real point exists when 0.125 < β < 1. We have determined the co-ordinates of two non-collinear points which depend on radiation pressure and the solar wind drag. With the help of PSS, it is observed that the stability region get expanded in presence of radiation pressure and solar wind drag and at the point ξ = 0.025 orbits are stable. Further, we estimated the LCE(λ) for the maximal time of evolution 0 ≤ t ≤ 10000 and found that it is negative which shows that orbit of the infinitesimal body is regular. Since it is difficult to obtained an exact expression of pseudo potential function in presence of term due to dissipative force, therefore further work is needed in this regard. This work may be applicable to study the motion of test particle in coupled restricted three body problem with drag forces.
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